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NASA TT F-13,155

WALL EFFECT ON A HELICOPTER ROTOR IN A CLOSED CIRCULAR TUNNEL:
INCOMPRESSIBLE FLOW AROUND A DOUBLET
PLACED IN A CLOSED CIRCULAR TUNNEL

P. Michel

ABSTRACT: A method of calculating the interaction of

a cylindrical wall with a circular straight section with
the flow from a doublet placed in any way in this wall
is described. This method is designed to be used in
testing helicopter rotors. Included are descriptions of
conditions to be satisfied by complementary potential

¢c (M), calculation principle of complementary potential
¢c (M) =@ (X,2,0), development of Fourier series for
function $3(g,2,0), and calculations of complementary
potential ¢.(X,2,08), integral E(u,v,w,m,m;,h), and
velocities induced by doublet D. Annexes contain
descriptions of Euler, hypergeometric Gauss and modi-
fied Bessel functions, as well as reference citations.

2. Introduction

2.1. The method described in this first installment allows calculation
of the interaction of a cylindrical wall with a. circular straight section

with the flow from a doublet placed in any way whatever inside this wall.

2,2. The presence of the wall imposes a condition at the boundaries on

the potential of doublet velocities which it cannot satisfy.

2.2.1. When the wall is prismatic (with straight section most often
square or recfangular), the potential of the velocities of the doublet and
of its "images," produced by symmetries which are successive with respect
to each one of the planes containing the wall compbnents, satisfies this

condition at the boundaries.

2.2.2. If the wall is cylindrical, the simplest method of solving
the problem consists in adding to the potential of doublet velocities

a so-called '"complementary' potential, which will be determined by two

*  Numbers in the margin indicate pagination in the foreign text.




conditions (see paragraph 4, page 10 [of foreign textl]), which, in the

case of 'a circular cylinder, are expressed in a relatively simple manner.

At each point, the gradient of the '"complementary' potential represents
the difference between the velocities which could be measured according
to whether the flow coming.from fhe doublet is carried out or not in the
presence of the cylindrical wall: whence the advantage of the 'complementary"
potential for the calculation of wall interactions during testing in a

closed wind tunnel with a circular cross section.

2.3. Although capable of more general applications, the calculation
developed below is carried out with a very precise goal in mind, i.e., to
be used as a basis for the elaboration of a method of wall correction which

could be applied to the testing of a helicoptér rotor in wind tunnel SI1-MA,

The principle of this correction method will be described in the

second installment of this technical memorandum.

3. Conventions and Notations /3

3.1. Axes of Coordinates

Space is related-to a system of orthonormalized axes oxyz, whose

axis ox coincides with the axis of the cylinder representing the wall.
3.2. Notations (see comment in paragraph 3.3, paée 5 [of foreign text])
3.2.1. (see Figure 1 at the end of this installment)

L{g:, Cylinder with straight circular cross-section, representing
the wallj;

gk\ﬁ Radius of a straight section of %2 H

b é/b=e K“%:Point where doublet D (p=<R) is placed;

%‘: ebﬁ%&

-.# ) . 3 - )
q:‘ (oi {\ ;ﬁ}: Unitary vector defining the axis of doublet D;
: D;

N
(\""\ . f\-‘\“a Stream point of flow;

" %(Zﬁ': e R




‘ j)' Intensity

) ‘.\fb(H).%\(OG.[H)
enin).
Y ¢ (M)

Sy oh Bg -

‘—\_r-c:=ﬁ‘*?m‘ |
. =.wlu@(ﬂ)

of doublet D.

Potential of velocities of flow proceeding from
doublet D in the presence of wall '%% H

Potential of velocities of flow proceeding from doub-
let D, in absence of wall;

- "Complementary" potential of velocities whose role
" is to represent the influence of wall\g 3

Images of @p and @c in the Fourier transform defined
in paragraph 5.1, page 13 [of foreign text];

Resultant velocity at point M;

Ve, (H) = %‘Qcﬂ(‘“‘)_

Vo () d Ve ()= 2 e ()

Y“'@ [+ ﬁ“%‘ ¢ (™)

—
-—_—-@
\r.b = Wkﬁb(‘.{) Velocity induced by doublet D in the absence of wall;

m= "Wc M

Correction of velocity owing to the presence of wall.
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3.3. Comment /5

In order to facilitate performance of calculations, the doublet D
will occupy a special position with respect to axes oxyz. This position

is defined by: - . A
: 7F><) . W« ;%15,:: o (. or £?= Q)

It will then be easy to return to the general case, owing to the translation

parallel to ox and a rotation around this axis, i.e., by replacing:

m f\ﬁﬁ ~with "\.L-"\A..\.;.}
and K @ with e Q

/

The indices C, D, G defined in paragraph 3.22 will, for this
special portion D, of doublet D, be replaced by <, d, g.

3.4. Special Notations Encountered During Development of Caleulations
. - L
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In the two breceding formulas:
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; S ‘ooﬁ 3 ?Q. . | % ,
EWRARSE E;U iHW&-zﬁ—w (b, 2) X
R *’Hk&hh—ﬁ'-{ﬂi (2"1*’6)9-) .

4. Conditions Which Should Be Satisfied by Complementary Potential o, (M) /10
L.1. The total potential of velocities c.pg(M) of the flow in presence of
wall% is the sum of the two following potentials:
4.1.1. The potential q,) (M) of doublet D_ in the absence of wall G .
-
¢ _
ol (M) = o T Daw (k1)
K 3
[ DowmlT
4.,1.2. The '"complementary'" potential c.pc(M) prescribed by the presence
of wall @ : its expression is unknown at this time., '
4,2, The total potential of velocities q)g(M) should.satisfy two conditions
which should allow calculation of @ (M).
L,2.1. (pg(M), potential of velocities of an incompressible flow,
should be a harmonic function and therefore satisfy the Laplace equation:
[
o - . -
L ™
A—:%g_.&}-%.g.--g- -——--O -'0“\'.9—“:-'0 (4.2)
e [ DR D=
cpol(M), potential of velocities of a doublet, satisfies this equation: -
If it is true that _
,‘fg(m =Ya (Hﬁ‘fc'(‘ M)
then cpC(M) alone will have to confirm (4.2): /11

e ()= 2 el v B (M) o g el A e




The first condition is therefore that ¢.(M) be a harmonic function.

L.2.2, Condition at the Boundaries on Cylinder EH@

This is the condition prescribing introduction of the function @c(M).

Since the fluid can neither pass through the wallwé , hor separate
‘from it, at any point of this wall, the radial component of the velocity

should be zero and may be written:

R A N Y
t\"\lu&f o tf%(M} 1=R_£§Lt€a (] R R%(H} R °

or

) SN A0
> \(Oc_ CH)_-\;R- - §LL€°\ (H) e R,

k.3. The search for the function @C(M)=@c(x,2,9) is therefore closely
connected to the solution of a Neumann problem for a cylindeé, i.e., to

" the determination of a function: harmonic inside a cylinder with straight
circular section, continuous in and on this cylinder,vand whose derivative
perpendicular to the surface of the latter takes on a'fixed value at any

point. ' .

In summary, the function ¢C(X;2,9) is determined by the two relations:

m-gn.*.- ﬁ.ﬂa.-q-_%_a-u- Eg:. =D

Oﬁgc_ :-l.- rbjoé ' (k.5)
Qe &:R Lo ’Bq_ 4\.:& -2
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5. Principle of Calculation of Complementary Potential: e (M)=tc(X,2,6)

5.1. Fourier- Transforms

Let $.(g,2,6) and 33(g,2,0) be the images of @c(X,Z,G) and @d(x,z,e)

in the Fourier transforms defined by:

T e

o ' Co %
S (é;\.,ﬁ): _%_r xec(q'c.)'x.,é) e.% Sr

-

Yo (%%,8) = §L(3,¢,é)é "5"""%

-

ol

5\,\ (gmé}____ ea (*,2,8) e

(ALY
—oD

L ('wa,x,é) - | §\ (3:22) é‘%"'o\%

-l

5.2. Development of &. and &3 as a Fourier Series

5.2.1. &.(g,2,0) is written beforehand in the form

‘1.9\ E[ﬁ A | 'L)Mm&-i-i.@nm(a,m)/khmﬁ]
: W=0

(5.1)

(5.2)

(5.3)

- (5.4)

(5.5)

/13

/1k
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e

. E\“QQJ if W\$0
go=4.. |

5.2.2. @d(g,z,e) will be developed as a Fourier series (see paragraph>6,

page 16 [of foreign text]):

< | °§~= o (5.6
D (Ef" ,e) = m,:- O&*am;m (%,x)oﬁm% +IN, ((ql;x.) ﬁimm@l

5.3. The integration of the Laplace equation (4.4) (page 12 [of foreign
text]), after replacement of wc(X,Z,G) by its Fourier transform defined
by (5.2) (page 13 [of foreign textl), gives Am(g,2) and Bm(g,2):

A‘\\(_%f\«) = @.N(é) Im (?‘u)

%m(é’m‘):. '@m[a) I‘“(%/L)
am(g) and bm(gj are fﬁnétions which will be determined using relation
(4.5) (page 12 [of foreign textl]).

Im(g,2) is a modified Bessel function of the first class of order n

(see Annex III, paragraph 2, page XVIII [of foreign textl).

5.4, The condition at the boundaries (4.5) then allows calculation of

am(g) and bm(g).

This condition can indeed be written, taking into consideration (5.2)

and (5.4), page 13 [of foreign textl]:

18 = (g9 R-[S’%_ 3, IR

or, after an easy calculation:

12

215




AN

g 7
L:?’L.
. -~ \
\ - (a\: B % _&\Ym(ﬁ\,ﬂ
| : % Im(%\') N

owlg)=-

[
P

(5.7)

(5.8)

5.5. @C(g,z,e) is determined in this way, since the ‘Am(g,2) and Bm(g,2)

are known.,

.¢C(X,2,6) is finally obtained by formula.(5.2).

.. %L(%;\')e):[ .\\Z:o
| B . lﬁm(g}khm‘%’) T «}/V)% “33

=

" = A [-wa)

{ [é\“ &\“(33 LA™ Q .

Y

6. Development as a Fourier Series of the Function %¢(9,2,98), Image of

the Potential of the Doublet D, Velocities

6.1. Analytic Expression of Potential ¢g(X,2,0)

A am P2

u————-ﬁ-

b4

\qu

(5.9)

416 .
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_’
The components of vector D M are (see paragraph 3.2, page & [of foreign

text]): %""\Ldt st

—_—

Do é’ﬁ %& = nknd

| = —G-\—mwsé
Furthermore:

\DH :QH-\LCA)QM )Q{n’%&]%

i_'w. iy lcmwe +(," a.

and

(6.1)

b g N{ii.&wiﬁ fé;gf]i@ |

6.2. Calculation of Function 33(g,2,0), Image of ¢.1(X,2,0)

6.2.1.
!

4 (2&9.’63% %r[ _‘N ‘@l(“mé’) 4 ow-

Therefore, taking (6.1) into consideration,

tm.-&m %m@-ﬁ- QI‘

1k

l AT ' '
(%'«. Q Q&_—_{ ezu—(xnw%-“s( -lwdéL Lg%-m(e.

/17
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whence, by granting:

b= {n.t'- f).C‘Lwté-e- 6'{1?‘-

E, =

—w

-3
ol

- [Fte

/1”’5’“‘ uw'

vy

g& (éxmjé) =

-
/A%

6.2.2.

' =y w
£, = [("W") “e.'-% oW 4

\
<

°

B /w

Calculation of E

23

h%

f )T

| { < 'i.“-_ﬁw.[(wm - (e-me))\z}

(6.3)

418

?u—u(m. Lﬁ Mc) LM?AU(M

The Basset formula (see Annex III, page XXIILI [of foreign text]), then

provides: -

(6.4)

15




6.2.3. Calculation of E,

ok g o e I T
t%ji__!:_f_)_ [@W\-)Le,& M-‘-"/@&“}ie‘%ﬁ=iEg
~ R : -od

According to formula (III 23) and (111, 20) of page XXI [of foreign

< (58) = -t [m(wwq ()
%_Kk(((s =§; < o) # 10 (4)

text]:,

Z—}

/19

3 ek Rl £l

(6.5)

16




6.2.4k. Finally:

Balysd- oy elyds Tt gt (] o

This expression will be generalized later on (see paragraph 6.6, page 30
Lof foreign text]), in order to remain valid in the case where t and g

have opposite signs:

Evo p“a<o

6.3. Development as a Fourier Series of:

K\.(m;)q\_: K<, | o (S imwﬂ@-@eji}
gv . 'Q’jb\'- ?{‘LMQ % f‘-li'.

6;3.1. Let:

W (3)”46)_; ™ ‘Cm(yv) I (30 G

Im and K. being modified Bessel functions of the first and second class, °

of order n.
Since:

gt - [ weyreace g1

the formula (III,28) (page XXIII [of foreign text]), in which t is replaced
by gt, is written:

\r\/\(@\/g) Y Z P /M\'m
. %}; Q'\éa nweo

17




3 -.6% }IME“E AX\\ZQ’ P”l"'/’m%f%

6.3.2. The conventional formulas:
'§ on () B= At Ba- D= 2ind emim €
| A e} 8- n W@ = Land s (mede

give, by summation:

é*‘“@M«Bs-Ah@v‘Be-‘-’*,‘“@i\%e*’*““‘*@i“”“e

W= 0

_/_21_

i%\\&@w& -/M ?mé] A\\\@){.&L) 0= w6 i w(‘?m«)é‘

W‘D

.therefore i
' “in. ?M,.)a_ éy\m%é

A«v\é

/\&Q(ML}@ gi M@wje
- AMAn8

Mt

N 8.\\:-.1; if w30
e 4.

K_L(;S‘@b | = ¥ Zi {s‘ﬁ‘evrwcl‘“?.’“e*'teq,&@e’““)e]

18




6.3.3. It is easy to confirm that:

Zi €1 Byt nd = Ezst‘ Byt Y8

't\ o W=0

- \E‘m
| -- }ﬂ aw.m@““)@ ?;0 E”r’*?’“*b“‘@’r“oe

and it follows that: «a wl

t%lm ) e;- ZZ@Y‘ L

or, more mply after having granted,

<

e >J @Y\w%

b
“-—‘T

g i 2 amq?m“jm“e (6.8)

6.3.4. Calculation of 'ww-n (3 L@)— z Ehﬁ-%%—e(gﬂ"c)n

‘&8 e

'\\’\ 2 9\\\-&% *eZ@\+?/“) KW\*-?M X\») tm«»% (&c)

W=D

19




Formulas (III,20) and (III,15) (pag XXI [of foreign text]) g'v

h\ﬁ-h\) K\“wm qq\«) = LK‘M&%H (X\') = inetm- \(%"'ﬂ
Tt (w =;“~">W’~(3C) +§E (et} Lonitmu (3¢)

% EQ{K'WW%H(%‘)\ ™Mbl aﬁ}"‘-—-Q‘“*’?’“*‘B Lonitan (&Cﬂ
= Kyatew (30 e w& |

(23

- -
%‘i Z@[Km-&b«u(“@ Imsh&( aC) Kﬁw?}\éi (M’}I““*’?" 5)]

4 %, ‘ZQM-ZMH) W v b v (‘3"5 Lot (M)

: C.Pmm_ - Q.‘Z_.t Kh’\-l (K\’) 1\’\'\ (&C) *'% Q\”"‘.H .

20




By changing m into mH in the preceding formula:

Dsr = - & K"'M(Xu) Tran (éc) +%—Q§ML ;

' (6.10)
However,
S N
CBA‘\.\“_: % E\‘h~b'lm&'1_: 2 em.g,zm - NK\Y\ (EK") IY\\(%C)
/24
in which: i

..@.m%: ?S'm"’ rew, \a(‘m(ga,\.ﬁ ?m (&C)

(6.10) becomes:

CE\.\\ = % K (.ﬁ(\‘)l“'\“ﬁ ( ac)-\“ﬁ« K\m(&\«)lm (3 C) v ’éi Q"’“H (6.11)

and, ‘after removal of Pm between (6.9) and (6.11):
3»_("1:’“("3‘ (Ewm =
- o |
R L AR et ?

21




I 1y (en) = S | o
3 0) s W (%N) L (_Km-a (af_»)- K-y (2\,)]
. (see (ILI,20), page XXI [of foreign textl).

It is finally true that:

S [w-pt -‘ima_-‘—'- o { 90) T (gp) 3 Wona (90) I ( ‘
5 = Qfnlye - (4¢ i ge)
0 G (30) T () = Wi (9 T (ge)

£25

CS:Q v _ . ;‘:v — 7  ' . :
| B gy SO ) €16 g9 T L]

(6.12)
6.3.5. The result sought is therefore:
&) il -
é' E‘m. [r\, Kinn ("Q‘:\T"F«[QC\*’Q K“(.‘p) I.\\\H (3@)]“4“’\Q
| (6.13)

(Eney mwpo ) Le A)
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6.4. Development as a Fourier Series of:

(G 0]

&

6.b.1.

Atz | pb e podd n-pead) o N-p
¢ Q[%—, vogend) = § (g -

(Qﬁm% VRilek) | o ( (v-p Q) K(qk\ vopt (k)
; b Q t ¢ £

/26
The formula (III,27) (page XXIII[of foreign text]), in which t is replaced

frged 552

by gt, becomes:

g

A
Y

g

<0

b o o 4] T fy) wim®

[\ L}K ) .
6.k.2. grb“e ‘ %) is given by formula (6.13) of the preceding

page:

23




W Kma(?(“) 1*«\(563-"‘“&

(bl(’ U
NV

S Km(\z\,\ Lan (ac) M'\\\Q.

=0

4

and, after simplificati on:
[27

(Q 'z,m%)‘___(ﬁ&_ =

—%.2? \Kmﬂ(\\(\«) K"m-'(e(ultm bod’me

2 E“f" Km("@ Ima (%C) cxt m @

vz O

taking into consideration (III,20) and (III,15) (page XXI [of foreign textl):

K’W\H(“{‘J) \/m\ (fv)" Efm KW{QA‘)
-Lma (ac) (ac)—M Im(at)

and :

2k




W“",”“.“)ﬁ-%‘@f

(6.14)

A,
QJ‘MO

- 2 %m Lo EQ\"'L“\H(%Q] K\“(E\,) A 8

Emn.ﬂ.{ ™Mo ga: A /28

6.5. Development of 33(g,r,0) Valid When g>0

(6.6) (page 19 [of foreign text]) can be written:

Bl
salily e vy grnes

: . T(c-\,cmé)\f \.)] |

by replacing t, 2, p by gt, g2, gp in the formulas (III,26) and-(III,28)
. (pages XXII and XXIII [of forelgn text]) it follows that:

zgm WK @I (ﬂc)wﬁné
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? tin @ K| %&)

These

making explicit 8,(g,2,0):

[@Q\(e %Qq

c Xv nsa

2 0 \{“\ fxq J (QC) A w4

two formulas joined together with (6.14) of the preceding page, allow

-

~%4)

x%‘% b Em{wlm(a@@f \Lh\\( O+1mH (3(;}\ Kim wmm@
*%%2 '_?‘“K\m )Em(ac /‘r'\-n\mé

/29

(6.15)

and, by again taking up the notations of paragraph.5.2.2 (page 14 [of foreign

text]), or: o8

24lgme)

. \“'

T

a—

5

Aol T (3() +L {T—m-& (ac) ‘;T‘\w (Qc)]}‘ﬂ« (%ﬂ

N ( a)'\a\) = ﬁn—g ™ K\“(o{m) Iw‘(ac) '

el
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2 [sfﬁ Mo (37) @3 AT, (,g;;,jﬁg;;;e]

(6.16)

(6.17)




6.6. Development of 33(g,2,d) Valid When 3 .?;/ O

i £30
6.6.1. When g>0
. poa. Y% |
E = 2! 'X‘:*‘E. x4 o w b‘/pg = 2 K‘
SR gt = & K (yh)

(see (6.4), page 18 [of foreign text]).

Since the integral above gives a real result, E, is real, as is K; (gt).
gt is therefore positive (see Annex III, paragraph 1.4, page XVIII [of
foreign text]). Since Ej is furthermore an even function of g, its

expression, valid when y has any sign whatever, is:

E.= 3|4] K (la!t\
t

6.6.2. Likewise, when g>0

ol
.3 |
. . ’ (98 Lo, - f
E.h:.& Q«-Pt) ")LM\%/\LM: &QKO(%)
(4] . : '
(see (6.5), page 19 [of foreign text]). ‘
A reasoning similar to the preceding one establishes that E_ is a Z?l

2
pure imaginary function: Ko(gt) should be real, hence gt should be positive.

On the other hand, E_ is an uneven function of y:

2

By Q*g Ko (lalb)

6.6.3. 8,1(g,2,0) is therefore written as follows when
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Q—-S"(é,'\,,é)z }_% {)‘ld K, (\%\t) +[(§mkn Q. —Tt(%am@)] L%_\ \<\ ‘\é[b)%

i1 b

(6.18)

and

Moz %\é.gml‘m (xg\g)% \_ég,\ . (tg_\-e}*r Dvn ( 1g) g)]} K {lgin)

(6.19)

7. Calculation of the Complementary Potential ©.(X,2,8) (Part 1) K?Z

7.1. Determination of QO(X 2,6), Special Solution of the Laplace Equation

7.1.1. The formulas (5.2) (page 13 [of foreign text]) and (5.5)
(page 14 [of forelgn text]) allow obtaining:

Vh o

g,ec (~ 4) / z\ﬁm A (%l'v) tAw @+, Bnm (é,m)/mm%]}éhsﬁié

(7.1)
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whence it follows that:

e en
(973"@6;?-'[/ {“N\Z‘;o{&m -‘Tﬁ:j M?Y\Q-{-QJ'D%M A\Y\'mé} a/wtér
-

/33

PSR oa -
_'Qé_gi = o [ { Zl l'w\\? (£ Ay ATl + %‘m /jnn*iaé)]}e:tiﬁ-ut

phen o ' . - } |
Spcen | {2 (BnAnmnes B an w)] 8t
o=~ | {2 (ennemes o i) oty

Taking into consideration these values, the equation with partial derivatives

(4.4) (page 12 [of foreign text]) becomes:

468 |
{.&g zo[gm(m\-'%éﬁ.mmm .a.tm-a-'\,é“’)i\ ) i md
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An equation which will be satisfied if:

"\t’.'DLAM LQ_B_M_ML ) -
ENTTR Y (+3\A“\—0

913%_31 + " D8y —é\ﬂ +1 g)b) Bm=©
[3%
The partial derivatives of Am(y,2) and Bm(g,2)vbeing taken exclusively
with respect to the variable r, the two equations with the preceding partial

derivatives are in reality differential equations in which r is the variable

and g one parameter.

Am(y,2) and Bm(g,2) are therefore solutions of the equation:

\ ‘LL\. -
’ﬁ\f\{%-ﬂ y tmw..a}g ) (7.2)

AN

7.1.2. The Changing of Variable j A .= ?\_%

allows simplification of equation (7.2) and closeiy connecting it to a

known type. Indeed:

. L

L: ci. }\ ..'
TR WS

and

(7.3)

g gy -Edye

~ This equation is the modified Bessel equation (see Annex III). Its general

solution is: |
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F%ﬁ ¢y T (W) % Cy W (W)

in which c¢; and c, are independent from the variable u=gr, but are a function
4

of g; hence:

/35

Am (é“u) Out, 2} I (,Ku) ¥ Oy ) K (e{\,)
%m;_(‘g\w) = “@_ 3) Xm(i@“f M(a} Ky {ch)

7.1.3. Simplification of Am(g,2) and Bm(y,2)

The function @C(x,z,e) should have a finite value in the case of
x<R. More particularly, it should be bounded on the axis of the cylinder
;%; (r=0). Since the function Km(y,2) is infinite in the case of r=0 (see
Annex III, page XX [of foreign textl), its presence in Am and Bm introduces

a singularity in the expression of @C(X,Z,G). It therefore should follow:

I3

C*;»."_(g) = olw (3) <o

and

A (a,x) = e.y;\(a) | L (E{u) | (7.4)
(é\"') = (3) L [gm) (7.5)

7.1.k. By carrying these two values into (7.1) (page 32 [of foreign
text]), it follows that:
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/36

_ L_ea-("s:.:)'\, )Q) =

]
f/

4+ob on

2 4+ 6 !
L | 2 ‘23 ] M(d\) da (7.6)

ob )

and, by granting,

Vé’m‘ ‘L + o ks
()/A\m m)e?‘% /.a
™ ( a g\:) QT L%%J\é‘

.QKM Yot tob’
- je"“(a%)e"?”’u T
Ik - | m/a L\a (gf) 'zhg

\f 6) 2
‘E‘M Wedmd+ Y @m ('L)/)w \mé]‘

(7.9)
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7.1.5. Transformation of Am(2) and Bm(2):
/37

'«Afw; L&m(a)'lm(‘?) ejéému;‘ +/ a“‘(,‘é}) Im(~?/w) &CTLAS

h 1o

e 3“ = uég(xzj:_,é@xr@

le.-/ [““‘(43 -\—m(?‘ﬂ>+&m <3) L f- 2@] g Lg

.,.L,/{O.\na).l (X«.,)-=O.m aKM(XL) khaw.g "
Q}m /{%n(é\l_\m(o{\a}f ]Ctdéqwuk% (7.11)

o)

_»L[«QM&L\\ 3\/} er\\ a) -.Lh\ —ém)]/i'\\\am \.\.3.
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7.1.6. Calculation of am(y) and bm(y): 1}8

The condition at the boundaries (4.5) (page 12 [of foreign text]):

o [‘?i e (M é)] AR [% Parl é)]n:&,

can be rewritten, taking into account equalities (5.2) and (5.4) (page 13

[of foreign text]):
4 o

| [:@: (20 e-*ang] : _{% [ e W’QLQ

Az R

or:

('a?: g‘zc,(af‘“’é)]g&: ”{%— a )\’Q)I“R'

and, by replacing 3 and &; by their developments as Fourier series (see
c d

(5.5) and (5.6), page 14 [of foreign textl):

,, [% A_‘“ (é‘ﬁ]w\: i [%M’“’ {Q’Q]u&
2 Bl - [R5 )

.%Am( a;\) S o.m(%§ —S\v\(‘x\‘)

. /39

Since

B () = & () Tn (42

3k




(3;\,) =
/‘f_% ]'“4 I (\9\6 }:.%_ {L&_‘ (‘é\e) R 031 C)]} K“‘(]al’b\

N, (a;q-: }\% ﬁ_%(lgl@) SRRy

see (6.19), page 31
[of foreign text]

(111,23), page

) K\s:é]%] } l%l ‘ K\‘H (la '\;) + K‘m ft)] 1 [of foreign text]

L

%fm\ o Dl Tlgd .,

am(g) and bm(g) will be expressed as follows:

G (a):

H@%m L 0316)-%"5‘!3511 W (3\@;{\“}, 631@}]}m\ﬁ(\gm "'K_mgﬁaﬂ
, _— < (%Q)“LNH?%R)

el eIl Sl gty [
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7.1.7. Calculation of Am and Bm /0

m, on one hand, m-1 and m+l, on the other hand, being of different

. I\’“(Sﬁé} - IM(“ﬁ/‘J) _
I\a\(&&)*xm«[aﬂ) | 1**\%'(“%’%)*:*““,(“2&)'

(see Annex III, paragraph 2.2.2, page XX [of foreign textl).

Therefore

c\‘n(g)‘im( )
N
-%-ﬂlé\{’*’*‘lm(!dle %_,é%_\l-m-s (\E\f +L\\\H 5‘@]} L\m‘“’) I (‘3%\9) \\Wuég%?

- Tm.; L\P)&«Eh\u

O-m(;‘éxt;“ &.. 6&% -

Y TSP ols ih o K Gt
-« e i) e (‘Z‘d} P e

and, since
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_ Qe (a\) L\\\ (“ )"" &m( @In( a ) =

X K '{’L\\H \ -3-\"\ @\‘«\\Q%Q\)meﬂ }(’\
b%%\i 9 Oa@] dh'&m(wm(gag

(Tl ) Tu gy

Und, o) Ty, (1ol (M,) K\‘n\({ﬂ R)+ K\xhﬁﬁf N
7 d (éﬁ Dot (8)* s 1%\9

(7.13)

By carrying these values into (7.10) and (7.11), it follows that: /Ll

,A““"’",

B -

2 Bl P Ol gy

- ?“ (C)IM( )KW(‘(@\*‘WWW’) Ko o
7%-[), ~ (4 SR 3

(7.14)
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%m(é‘i}' \m(cd/‘b):

L
wb (5 I (gte) T (9) Koo (1618)+ onn (191 8)
%QQ% \<\‘ m;(%/b)‘* mH(V“)

a &-Z\ Em(- @(\,) = ”é‘m(g)l\w\ (‘}/“)

@“‘*\"" |

/ T () T ) o (34 K [4R) w(m\é

Ck T ()T

(7.15)

7.1.8. Changing of Notations /b2

- The new variable G and the new ;;arameters u, v, wwill be defined by:

'Qq:? R ‘o= O - e
R AT -
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With these new notations Am and Bm are written:

g 36ug)+ Ty (00)] Kimea (O (€) C'wi(_qbu.)dc
5 [ 5 D T el

TR
ALY I LG )Km(_@) K\‘wm‘) G'/k.w C u,) dQ”
*%%\%L]o M(’ U") ( T (€)+ Ly (T) %

@
M =
of

*2! AER S‘ (?,QU% -I‘m LS.CW) K (@) 4—\/\““(@ il G%w) AT
QR o I‘M;G')’?‘E*mu 9l .

Then, by granting . 7

EQ_ (u)\r‘ W, fm &)

| / T (60 Ty, (zG‘w) Ko () +l<¥\m@ G w&fggm
o Im &kQT) Lo (G')
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| By (6,v,00, g, 4) =

/ Lo (%) L, () ¥<m [6)+ wwgo")éi“/m\ &)ulv

h\‘.l (Q') + Lvan (T)

o

(7.16)

= }g [\:c_ \LWWMN\&)*‘EQ(“\‘"W)“‘ m“ 4)}

)\r)w)m 'm’l)

e
’ﬁ%\é
Q%M _%JS_E u)u‘)w)“mmc)

(7.17)

8. Calculation of the Integral Shl

E.(\L (LB WS W o ’e\.) |

170707)

[\*ﬂ(ﬁﬁal— (W‘”) K““(G"’W\»M(@G ébc%}wd(?
ey | ‘“‘@""Imu @ .

4o




8.1. Calculation of 1“\. (?’G‘\r) IW’\‘ (?qu‘\) .
vt ((?)‘*‘IT\?“ LGD

m is a pos1t1ve whole number ml—m-l m or m+l.

| 8.1.1. Calculation of IW\ Lw) J—W\ (26)

The Nielsen formula (see (III,31), page XXIV [of foreign text]) gives:

T () 3w (g¢) =

m‘ @&,) @fw‘ 2( DY" T—"r‘}r Q{}:\\:“ A¥ 'w“:\ "_/P_l @g

since

CTw(e 7
(..3\'- ‘%:L (%)

o

(see III,5), page XVI [of foreign text]).

L1




L5

¥ (*”%‘)“?"“‘“ |y, ‘t/cﬁ']

\w\m.\)"m %?N' \r\’m\W\t -'é’-)

(see (II1,8), page VIII [of foreign text]).

With:

W(}& ", ﬁ,m \) Q\_“)\‘Qwﬂﬁ.\_n)\,bﬁmi\,“\.

(8.1)

Tuslip) T, (3]
( @é"‘“‘ 22‘\«? mmm() @f‘)%

Let; with the notations defined in paragraph 7.1.8 (page 42 [of foreign
text]) and by granting in addition:
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C _ﬁ . % .n
&'r' (U') \q‘) TY\) "W\“) = é ‘\'\f‘(k—)f\\) ‘M)h\a‘l) \r’m .w_\\’“\“'?)r\, ?A\,

— .
L (2G) Im‘(QGw) = }‘Z c\}._(\r) o, ) G“'“Hmhv}'“

(8.2)
/46

"
8.1.2. Development of (l—}e_lggi)é'a:\“i4(§£i\ as a Whole Series of (;~,
Pa—Y N/ — -’ X e

8.1.2.1.

- ) Ly
IM.,‘ (53') tma_ (G)- L;\E Irnkq)

(see (III,16), page XXI [of foreign textl).

And
oB

2R,

_‘.z\*\ (G-) :'Z J@Ql_}é\&)@g\. (%)

(see (III,10), page XIX [of foreign textl]).
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<4
“m-i

=3 ‘}1& &) @M\%\'.

o) Tuale)= (S 2 st |

(8 ;3 ) Becomgs :

o

. | | e | Y-
[Im..(ﬂ*’tma(?j] "‘(‘é):‘) \;Z_o/(’\r-(‘“‘)g F

8.1.2.2. Calculation of 'eﬁ}\,(_“\)
i

(8.3)

(8.4)

(8.5)

Ju7

(8.6)

: *(gk,,L”m) .is produced by the solution of a system of p linear equations

with p unknowns and deduced from the equality:

'Q\ﬁ o ?!‘G‘f-} o‘,{’Gh \=~-)('&°+-@‘G\’+ @LG“HwJ = 4

Ll




Or:

é\ bo+ 0.6, +0. by +---t 0.b)... + O, @P‘
0\ %u‘*wf\ 'g + 0. 4, %—-\-—«»O.b%&‘-@o @y\“o

- FE—— ——— —

Olv‘o-%u\b\hﬁ-‘ro\}.lﬂ Vo~ - ¢(£€}“{O€%~0
%em ‘f\?nf’n“’dx\té *"'f’._"*'d_e?}ut'i‘i é}\_"o-

whose solution gives:

/18
l'de o © 4
dy - de O ... © o
dy b de . o
d\f‘ CLV‘.-‘L .d\‘f'z‘ do
O SR

b (o)

o o O o ©
d, de © O
&%, é‘u‘ ds@ -------

dio dpo dia o d o
G&\}u ‘-‘L\r-{ GLL"L ...... && A\o

k5




Then, taking into account the obvious simplifications:

P S TR VR I
G‘\W&\:'QHW): EU L
e G dpaeerde do
(-"LV’ &tﬂ. &\FL&” o,

8.1.3. The consolidation of (8.2), page 45 [of foreign text] and £49
(8.6), page 47 [of foreign text] gives:
Tl 26 T, (36w) _
Toal@)+ Tl
) CL W LW PN < _ .
2,) qm\+ Z&\r(xrwm (m‘\)é{}' 2‘8 (-m)({?i*
(el 2 b
L\m\ (859 Ty (26 _ ~ Dl o (5, 1) G fedmlel
Ta- \(G) ""1‘\%&[@) 9=e . |
| - (8.8)
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with:

1 C@‘ (@)\«f)'\“ﬂ,l'}v\‘l):

i\.:o

>_J &)Hy(\r)w)m,h'ml) %ﬁl‘h[h) |

8.2, If it is granted:

(8.9)

(8.10)

E(u,v,w,m,m; ,h) becomes, taking into account (8.8), page 49 [of foreign text]:

ﬁ&@

[

(w00

U™ )Wﬂ.)

)

+ € (u) H*‘-i‘“'l*‘&‘@] -

Y.

3 | Z C‘a\(U’).w‘) m)m@[ Q“\_‘(u)?ﬂﬂm.l-{-{\ﬂ).

I

(8.11);‘

More particularly, taking into account (III,19), page XXI' [of foreign text]:

47




(m\rw o "ml 'm z Cﬁ v m] u_) 'ZTH&%\‘WK-{-&)

and

s E(u\\r)w)/&)m‘)m: '
' _
Z Cc\ ( L, \,\%\\.1)1&0 (v, ﬁm&;.nL&) ey, Grinl +L¢L)}

T

8.3. Calculation of the Integral /51

) o :
. -Q au- - bin
e\\“ (U.)&-)‘Z f e, lg Krﬁ\ (G:) G‘& ‘ \’J&q
: o .

-8.3.1. In the .formula (111, 32.) page XXV [of forelgn text], the change

e l\'\é% (tau.) FUTT
{ oot < e

of parameter:

gives:

- .!.;-o;
T ¥{o-m)T 4 Aer«‘».i:\i?%_u—
E- (o \’:} (a) ‘nww] [\»«2 J B

E’(Eé—-&) |




Since:

andi

I
PR

v ( b=va) ¥ ( 64w
T(grad

ef“’]f&a F(

.

g

w. Ay

>

A A&
mges R

. 8.3.2. =x=Rtgu,

describes, in the complex plane z,

tgu can therefore vary from -« to +wo, and the point:

R

S Q\\p}

4
Y

the straight line A of the equation:

(8.12)

k9




8.3.3. Function ‘: (% "}“) %‘-}-Yv\ ) i.}. CL) v Ug.) can, an the
: | 3 . 'ﬂ_JE§%r__ _

other hand, be developed as a series according to increasing powers of

Ae tﬂ Uw
13 é[ This series is only absolutely convergent notwithstanding

the va.lues of m and a, when: 7
. QJ éi

(see Annex I1I, paragraph 1.2, page V [of foreign textl).

The point z should therefore be located on the segment AB of A inside

the circle 5z, =1, from which it follows that:

53&“‘"“@ e el eE

When |u| >n/3 (u can vary from -m/2 to +m/2), the development in the

aforementioned series dlverges. It 1s 'then necessary to carry out the

‘analytical extension ofF’ ({ *ﬁ"s L*m) ‘b-}_o‘ A-{ §5% ¥) of the

domain |z| <1 in the domain 'zl >1.

o>
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8.3.4. A simpler solution consists in setting up a consistent repre-

sentation between plane z and a plane'Z, using the transform:

£

'ég‘ ! (8.13) /5

which causes correspondence of the straight line A (R(z)=1/2) of plane

z and circle (c) of equation IZI =1 of plane Z.

"8.3.5. The first transform formula of Euler (II,12), page XII [of

foreign text]:

oy F T 3)

is written:

. -l XY
) - quo. F?(t TR Aro -0 )1(8.14)
- PR, )Y,

for: e e L S Y
2_.._ ]-J:%u_ A o A=l\gw— L oA U = LR L _-c
-'” Ly ek )~ A e + o Rnue -

The- function F (_0{)/&)'\()%) ‘can then be developed as a series

according to the increasing powers of Z=-e-21u. This series will be abso-

lutely convergent, although !Z }:1, on the condition that: (see Annex II, .
paragraph 1.2, page V [of foreign text])

1

Rt Tl €0 R O R ”

(8.15)
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8.3.6. Case m=O

-

A A '
The furiction ) : can always be developed as
)CL m+a, - Q@

a series. HOWever, thls series converges W1thout converging absolutely.

It is then impossible to modify the order of these terms so as to simplify
summation for the sum produced will be a function of the order selected

(see reference 1, volume l,. paragraph 19, page 37).

This difficulty can be surmounted by replacing the aforementioned F

function by two of its contiguous functions (see Annex II, paragraph 2.4,

page VIII [of foreign text]), which, for their part, can be developed

as absolutely convergent series.

According to formula (11, 15), page XIV [of foreign text],

- U
0‘) F("‘ o i‘i-“ < LL)‘= (8.16)

-2 L
:%”F (:} o %+ m)~§ LL) Q?( Ara -Z.;.&)"‘Cau)'

For the two functions appearing in the second member of (8.16): /56

'*6...0;\.9[\—:—-\
The third Euler &ransform formula (II,lé), page XII [of foreign text]:

( \(S) )}) < 1) ( - ol -\(‘/&) )'Q

will allow replacement of these two functions by two others for which“§i=cﬁuﬂjg

will be positive because equal to 1:

3
&7
F
~__“/
I

52




and finally:

(WU RN _?.a.u)
4 e &&0\\:(&)*,\”1.}&)—& )"F(-HO.)%}%M)*Q.
dot LLAL LY (8.17)
8.3.7. Formula (8.13) on page 54 [of foreign textl, taking (8.14) /57
‘and (8.17) found on' pages 5% and 56 respectively [of foreign text],
becomes: )
em(“ “):

-

e

O -:x,(a \w\uu

(a. \n) i lo,w\) @w}

F(i-\m oki'\m Im LM)-
Y.(-aw«)

J

Qc,(u o=

Y’“ ‘W(a.ﬂ(@&\.w , ( \ {Q&F( Li{v&. -e,)

W““) TS L TTRE) _,
N : - - tl& - :
’:}\ R P _,{ - _

.:' ;:;( \*‘L, QJ 3:.¥_ég) € )i} ; .
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Formula (II,7), page VII [of foreign text] allows development in series of

the hypergeometric functions contained in the two preceding expressions.

By granting:

_‘41"(6‘3_&3")': f(’%—L ~ty) )&’(&~L+}~)
TR

it follows that: °

Sk




and since:

K i‘:f("%’ S },!'ﬁ" (see (I,7), page II [of foreign

text]);
b
Y( %-\Y\) =, __(C\} 'ﬂ- (see (I,8), page II [of foreign
. (45-&-?%‘\) : textl).

em(u,a) and eo(u,a) are written:

/59

i

Qm(u)m)z_(\%} -X‘(‘Mm)f%*_m)@u) gb)b’é’\f(& ,W‘)& .r )L&

e‘o(U« a\

(ia,)@““’&‘ztﬁai %(o\ lo) @}\)/M %0 j} ?)y«}-anu.

Qe% (————-ﬂ e e D) en
0\10
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‘Since ‘Ca-mg is the number of com‘blnatlons of a~m objects taken q to q,

C/q -wm = (cx \“\‘
@‘W\- A‘

and

™m -0 _
oloeeld—
) _. el 2 A\ E Y
'T(%¥m\_ﬂ.(&+m);_€'i ( ’m)u.(% Cim é,ho\ )(2@)&%@ ™, o e:h )

}:{4’ g; o\'>Q'
. ﬂzzo Sléﬁ :

Furthermore .
: 7 (see (1,6), page II [of )
? E ( i +“\\ - ﬁ ,L?/}“) ‘. foreign text]);
— . ‘ (see (I,5), page 1I [of
L ( G-+‘\Y\) - (o;\.m_‘) ) - foreign text)].




. poa
<IN (L\)&)z “:EJ:‘-& y (qu\- @“le& ) (8.20)
When __ £61
. . | o.—ww—ku .,
&t“'(’&‘“‘) ﬁ"g“:x;“ | Q::)“ 'Q&m ) 0\2},' (\Bﬁ Ci-t: Ay (cx)'mj'h)
Likew M |
eo(u)&)z r;:-& H;, (&)e e.,& (%VHH - (8.22)

P e '
p.
i
\_G/
+
e .
(‘/"
D
B =4
.
[~
L W3
O
L W
L
[ —

(8.23) |
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k. A & ‘;A.>'o
Y‘ %4 y~<o

9. Calculation of Complementary Potential P (X,2,0) (Part 2) /62

9.1. In summary, the different formulas allowing calculation of the com-
plementary potential ¢c(x,z,e) (case in which doublet D is placed as Do.

See paragraph 3.3, page 6. [of foreign text]) may be summarized as follows:

9.1.1. -
\(De,('v.)'h,é) | Z [ﬁm J;nm c/zn\\éx + 2.4 (Pg% S,«m 'mej
™o 1 (9.1)

(Em 3;: SnE ) 3...».4-)

;

'x,--; Rtéu. r\,_:?)lm - Q = LR (9.2)

‘A\'\ ).«.'T iEC,(uww'\mht )-*.—t—.c,(u, W W W /i)

(9.3)

¥ pﬁ_—t A (:Q)‘F) ) '-*"»_:"*“; 4-) o

. . . (9.4)
@fmf_ %AL&RM Eﬁ-( “% w‘).‘m,m)o)
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‘E; (u v W, Yo, L % 2 (\r)\,,r‘) "“_;,h"‘nll)_
i ‘"‘Yt’(“_ I “)“"‘ *(F*“'““‘Q e
b% OUH.Y\,(& '\m«»x) o l(}v\—o\ mmt)u_. } ,

Formula in which:

e Q,:]-i-\"f\ml%ev%"l.. (9.6)

In particular: .

r_ — L
| u\)"\d‘O"M &) ?g& WO\’N\)H%(&I)M‘%V\-{-&OJ

(9.7)
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EQ'('\A‘\F)LA.\F)& m)&):iz Cq\ ('\rw‘ \)\‘W\ %bzf Hk&&)e). .

it & () ‘“."_;f‘*'- 2 -Hrv(l%%) 9“(,%"‘“'9“'—%

(9.8)

The values of E_ are produced by replacing the cosines byisines in EQ;

9 1.3.

Qi ot M,l%l 2 i G et b [
|1 t‘ ..“-:’9, '%-m)‘.Q\+(m\\~'n\! Qm‘;\@f w

(9.9)

bp_m(m) is defined by the relations:
'Q-o('m):./i

and . 9 (9.10

rz Cappe () &y () =0 (o)




é«r.(‘\m) = 'ww%v

9.1.4.

hE el Geegd

(9.11)

0T Wu

95

= Ay s/m. ¥ \)‘ 2(:\)%@\{“).\ omm'm)
Ht‘(a‘)“f“). )}lm -L;},—Q‘“‘ (

(Oa e)__:

Ow\

2

(9.12)

L (Qu ‘) b‘ [Y.\('\Y\H C:\ \% Eo,Ao\(& -\ 0)4-(&,-4)/.&0‘ )9, |)]

(eo Yﬂ ‘ :
@\f‘ﬁ‘- (o) n )!

(9.13)

(9.14)
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;,A@\('o;,(r,c):. T(ﬁi.)_ew-ﬁ) (wui...)} .-

Y(%%— 049 ) _'

9.2. Expression of ¢. Valid for Aﬁy Position of Doublet D

(see paragraph 3.3, page 5 [of foreign textl).

In order to obtain this expression, it is enough to replace in the

formulas of paragraph 9.1:

o %X

?

: . E; by i é;-;&?

Paragraph 9.1 therefore becomes:

l\eg M,'L,é) k€ mmb)x 6\9)
.2 gmAmMmL6~J‘)+lQA ktum(e (’)

(eg=2 if w>0; e =1)

'*a.-'xb- Rbau. ' : ?)Q;r C ZRUJ"
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(9.15) |

L67

(9.18)




* A T "-'ﬁ&% \:-e,(.u\)\t‘.)w)_'\,}.’m.l)i‘) *Ee (u.)\r) W "“’\,"‘\*"l, 4)
N

-+-§u#_‘?é kEA(U‘- \fw‘"\’v\m__)-‘

QJ’YY\?’ 2:&_:&1“ C (u\rw"m'm)o)
{ | \\e(\

(9.195

The other formulas (paragraphs 9.12 to 9.14) remain valld on condlt ion that
u'Au is substituted therein. ’

10. Calculation of Velocities Induced by Doublet D /68

10.1. These velocities are given by:

. AL\‘\E,,_ _(n)}

0
. . %-.—;:
_A\rm (H) = ;%_

‘ : § _ o0 ' ‘
A\&[H):é %mg’iu&’m ot ( 6-¢) w—l;%@zm/‘&v\ w(0-¢)
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wn:o ’DPL
. oal '
. A {
AV, ()= & Zn ;. /4 A @)4-2,(&\“@“@ -0)
o | (10.1)
L Aty AL R /65
Ny = ‘5& . —b S = N .
A= m —_—t Ma ':"i""
ST oIl C*ﬂé “a'éyg‘_i
f:> . <:)u,) ft) - f{ CD .
S © éSZ;:' V) e VL
Do 4 0, AR
DL o WM R Qv
'Therefore,

S e e
0 .)Af\»n.:' ,Px—‘ ‘ r_‘;_)_' E‘Q.(“‘)n ¢, Wy, 4');
w0 TR S

+-,-§r~1 EG(“‘)“)W}“:‘““) A‘)]; L~

(10.2)




l" QQ:)“:: EMXW\ ’3- tc.(u- ""\‘J‘)'f“ ™ 0)
D ué o/ -

L0

"(10.3)
| .) . e ;~.‘ Y j_”. .Ejiiil
':%Q\“ = pfw :a%'r E'C-L“x‘ra"*‘}"“f‘“{_?).

'ﬂe&"‘

10.2. Transformation of Cq(v,w,m, \m1\ )

According to (8.1), (8.1'), page 45 [of foreign text] and (8.9), page
L9 [of foreign text]:

0 h"'v.‘)

| Q\(\r w) )l‘““ 1 i '{Vg)\ ? M \‘m }) A \h\'H"ZV‘;aﬂ |

(10.4)
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| . ' £ - () |
'e“ﬁ"“l ] (! (rﬂmo.ll- ny! @\H.\) bt (10-5)

The series (10.4), giving Cq(v,w,m, [ mll) can be ordered according /71

to the increasing powers of v, using the following identity:

i i e {i 4&% y h{\a'h)}w_%

(10.6)
e . . - WU
= | , . r
| Cﬁ(\faw:’ '\‘%’\:).l‘m.l): 2 C.\.‘ﬁ(w‘,‘.‘\,l?ﬂs‘)\f- )
- (10.7)
- | S AL
C i\,)q\(W)W\)\\“nD ‘:,. “-‘y\ \\'3“\":1 (m’ M\\) UJ. .
(10.8)[

b is aeduced from b (see 10.5) by permuting n and p.
byn,;q n,p,q :
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Q g Lriw]) = | ‘e’o‘.'“!m) |
el [ O B T TH S .

']O

10.3. Calculation of

[ 4

) E‘C (u’)\r‘)w‘) W\)M')&')l L72
w = — .

</

10.3.1. A mere modification of subscript allows formula (9.5), page
63 [of foreign text] to be written in the form:

~

E:Q(u.’ W, ™ "m.;.’ev)\. 33“ 22&] u‘uf‘m l‘m.l
(

i k‘ z,i {r+l\“ ‘l io\-ker | vae l|)+ Ht\ L’l (r-k»m—s +{r ‘N\H}M?)&M. (10_19),

;'llnv;vhich: '(5: a'?“}}'ﬁ l%ll*’?\*'il .

(10.11)

10.3.2. The calf:ulation of q%, E.C_(U. ,\f')\l\r) 'N\»)m", &4}

gives immediately:
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#

'f7b\b

$+00 o

b(u. & ) T, o, &)ﬁ-”v-m O\ZZ l"’(‘*} s, )

.Y'o Vo))

{ r-?Th{sn’-)\ %*Q)\m"\)“’\tv-h\-&-&hﬂ-\ (Qc\\#{rj'm’ﬂj}/&\‘\?)‘w

In particular,

1 5 ) ().
| & Eelslinuw,0,m,b)-

.;1, 2, 2 ‘\, CC\ (\r)\;rjo)\m.\) H }“'2”1 g,;:(ﬁﬁ%)d.) %n %,

ded 4B

Q

u‘E ﬂu.. oA ", &).,_.2‘ EZ \..C:\(\Y‘W\'\ﬂ\ |

| [ \“ h\ bl (&\%& o) + H\‘ ‘*1 (,H, (Zaﬁﬁ L)l.{m\. -
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(10.12)

/73

(10.13)

(10.14)




9.., Eg (o) o ur, o, b

10.4. Calculation ofngD

The corresponding expressions are produced beginning from (10.11),
(10.12) and (10.13) by changing the sign of the righthand side in these

formulas and also replacing the sines by cosines.

, ~ ) .
10.5. Calculation of CD._/2-. C‘Q,, ( w \U')\«Yl ’“\'1.‘“!1' &'\
' U_ - i1 ’e v ‘ 1 ﬁ =

It follows directly, beginning from (10.10), page 72 [of foreign textl: /74

- QU

Q (u\f\J’W\"m-,U\)é 22 Cﬁ\rwm\mj

(ﬂ%(} aci(akr

Htv L\ v zf\*“' ““"‘)*Hb N Hw—« [2"\"% “‘“\ MzV‘“

. . .- (10.15)
4
At Uy o
CG\ (w)w)m,\'fml)- {2@*%} Ch‘“\ (w) ‘m)\m,\’) e |
B " Ve - SESSLEL 1. F10716)
%—Ec(u‘ . wn)o m.;?w):L
i§§;: iiii f C;\ G W0 YY“n\) %{ v axfkt 4:)Czi:vxkh

: a\:: }&r—e %—‘} 4702 \A\ .. ("'10.17)'

.;(%C);&_Eg(u. ¢ w4 m.,e«) g?‘é?;o:bbwcﬂ@ WA, L))

H ) H (Lq+b, 1| e 9

[ t\ &\ {)H(zn\ ) © %‘ B °\ l r.“ (10.18)
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10.6. Calculation of ‘ ,3 E (\A’l\f‘ \Af) ™ \ '\’V\.‘ R.«‘) ./_75

mmary

Ve =

It is enough, in order to obtain the above, to replace the cosines

-

by sines in formulas (10.15), (10.17) and (10.18).

10.7. Comment with Respect to Numerical Calculations

Since the series show ep(u,a) ((8.20), page 60 [of foreign text]),
and ey(u,a) ((8.22), page 61 [of foreign textl), as being absolutely
convergent (see paragraph 8.3.3 through paragraph 8.3.6), it is allowed to

modify the order of component terms.

Independently from the simplifications which will appear during numerical
calculations for certain noteworthy values of W', this modification based
on the periodicity of trigonometric lines will allow grouping the terms

- corresponding to one same value of the sine or cosine.,

Indeed, it is easy to confirm that, when:

n = 180 ' (u' in degrees) (10.19)l

PGCD of 180 and of u!

2 >\ Q?L)\M 2 E(‘) >\“’r“?\' &}WJ -(10.20)
e

-9;,-o

In th1s way, by grantlng L '176
: (%\mn) 2(\)

%{fﬁ‘e{‘;ﬁl-t *l‘*_\“\ (Q‘%{-{:)\’m-ﬂ) - HH“{Q_QAI_{,;N;{ (.2.:\%—{;)?\«*‘?)] (10.21)\

-:—-.‘

‘- %“W“gﬂ° |
& \wn& lo‘ -l lﬂ*’{’ )+ Hr.,w& 2"]"{”’5-4 (?.4:1%{3 L)\l

(10.22)
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The preceding formulas can be replace ed by:

| ((g& L‘.Q(b. ¥, U, ™ ‘m) ‘-)-l

+ 0 -l

!-1; 22 }\Cﬂ\\!“w“m\mt t\g\{; m)Athw.,- |

'(10.23)
:DQE' \"0-(““)"“) W) 0™, L)
o n-l |
23, EY\'C‘\ W\J‘O}{m \) (’GO\L)A«\\Q,-)
o\o r'_o [w’ | (10.24)
S % -E"L_(u.)\r)ur) 1)'\“ L):" ,,,,,
\’"2’ 2 zo }*Cﬂ("““ 1) F "r ‘”V‘“zf‘“' %
i 0\0 r_ S | .(10'25)
and: - ‘.’q — /77
é%;t-e_( TR \{\.‘L) \
W~ * b
g) 7 O\Z%%(ﬂ(ww L l'm\\) F\‘.ﬁ '{z ;T W)C‘a—é by‘““ (10.26)

71




O B, (m))u")w) 0wy, ’{u) -

o=e peRv Ll

(;o.z7)~
Ige el
e n - _
‘. 2 z ?_. Cssl (\r)w)'l)\m .]) F‘}:iﬁ (-%)\,\{) m?/[uJ _ (10.28)

These formulas are only advantageous when n is small. This is the
case when it is possible to select values of 1i' for the purpose of

Studying the development of velocities induced as a function of abscissa X.

For example:

w48 |48 [ % | 30| 36 | bo | &
Ay
R
AL (40 |8 |6 [ 58 | ¥

0,265/0)225 036k |0,S3% |0 3Vx 0,838 |1, w0

(10.29)

S| 6o |32 |2 | % | %

L6 [T [Y O 3 1L € LY

¢

1o | ¥ | § '12/.8
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10.8. The second installment of this technical memorandum will be partially /78

devoted to the calculation of velocities induced by a continuous linear

distribution of doublets. This calculation will be carried out beginning

from the total potential of this distribution.

Since the knowledge of velocities induced by an isolated doublet is

of no utility, the development will not be continued beyond the formulas

that allow calculation of fhese velocities.

13 October 1967

P. Michel
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ANNEX I /I

Euler Functions

1. First Class Euler Functions: "T M) (x_ is a real number)
l.1. -_X>_(2_
l.1.1. r('w> is .defined by the :'mt_egral
; SR
: ' C (1,1)
T("&}: [ A & dle
. o
if x=L
(%)
“w o0
r(l)=/ e &,\_;L_e:u.] 4
0 's)
1.1.2. |- — (1,2)
1 g ez % (%)
1.1.3. SASEES 4.
v ' "‘\T (1,3)
) 'ﬁ.) T !-'bb) S — o
| fon Woe
More particularly: /1I

74

_K‘(i‘.).f(:‘;;: T L I’(%}‘ﬁ (1,4)




l.1.4., When n is a'positive integer:

(I,2) becomes:

Elwe)= w! x5

and

¥ (e }41 (%) TT = ! TR

yﬁ“y\_ (1,6)

B

The integral (I,1l) has no direction. Nevertheless, Y L“$ can then
be defined by the recursion formula (I,2), page I [of foreign text].

1.2.1.'[ftxhis infinite for negative whole values of x and for

1.2.2. If n is a positive integer:

T((.;:-\\} = -\\W 4. .J'\’\-\y, Iy | (1,7)

(1,6) and (I,7) give:

[EENP(Em: V] e

2. Second Class Euler Functions: B(p,q) (p and q are real numbers)

2.1. B(p,q) is defined by the integral:

(1,9)

~)®D /U.kb (D\ﬁ)el olus

This integral has only one direction when :

.S(\v o

77 °

/III
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2.2, The change of variable t=1-u shows that:

& (a)= 8a,0)

. 2.3. Recursion Formulas:

R ()= & [Joqe) w8 (p,9)

ﬁ(\}ﬂ,ﬂ: % P—’( s 1)

(1,11) and (I,12) give:

o=l |

in which:

)0 (g)

B(M)

Tl

These two formulas allow decreasing the magnitude of p and q at the time

. of calculation of B(p,q). This calculation is performed more easily using

formula (I,15):

2.4. B(p,q) can be expressed using function

| %(w @rr‘)

&y J
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ANNEX II /V

Hypergeometric Gauss Functions: F(q,B,v,2)

1.  The Hypergeometric Gauss Series: F(u,B,v,z)

l.1. This series may be expanded:

(=2

Pl p oA e 2 st b A ) -

neo )L (T AL

(11,1)

oy B, Y are parameters, with the variable z. These four quantities can

be real or complex.

1.1.1. F(w,B,Y»2z) is not defined when Y is equal to zero or to

a negative integer.

1.1.2. ¢ and B play identical roles, hence:

\:(d,{&)’ﬁ)v*- F(/X,d;@.)ﬁﬁ (11,2)

1.2. Convergence of the Series F(y,B,Y,2)

The ratio of the coefficients of terms of rank nM and N may be

‘writteh: T :
(ot Arw)
Sen) (a+n).
This ratio tends toward 1 when n tends toward infinity. /VI

The hypergeometric series is therefore absolutely convergent when
[z,<1.

This absolute convergence is preserved on the circle\z|=l, on the con-

dition that the real part of (y-g-B) is positive (see reference 1, Volume II,

paragraph 112, page 238).

1.3. P. Appell introduced the symbol:

D= () |
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(see reference 4, page 1.)

. n is a positive integer or zero.

1.3.1. The formula (I,2), page I [of foreign text] allows writing:
W\\ (et g? RISOR(SaR) k,w-\_) | fv{—\\—'l.)
=fod o - (P

or, taking into account (II,3)

= Ll | o

This formula is only valid when p is different from zero of from a

negative integer.

1.3.2. When p is a positive integer:

1.3.2.1. (1.4) page II [of foreign text] gives: /VII

(Y“‘)“) }:‘j;: ‘ (11,5)

(Jim)-@gg—,”w» |

[ h “
(/i )\\')-':' X (since 0O!=1 by convention)

| (/%?\')Q)"' é‘-ﬁ)}—: A,

1.3.2.2. Calculation of (-p,n)

s EREp b e

More particularly:
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It may be.seen that: .
(;— Y“S¥J§::G /¢l‘ht>kNJ' :

Q k‘)‘“) (_‘_\a ”\H Q(Tw\ 1)““‘”“
= £ (prostind

Since: Q" \\é'\ '\‘\) 1
(-m!

(see (II,5))

it follows that:

N
& Y')W)- (l:)"“}‘ (11,6) /VIII

1.4k. Taking results from section 1.3 into consideration:

W E M) 2 %‘;3“2"‘;% K

1.k.1.

F('GLJS"G 9 ﬂ[_@L E omx.\i’ /&H\) E\

d)i’(/s) o T aw!

(11,7)

1.4.2. If o= a=-p (p is a positive integer)

WB) )E ‘%&:(;is é&% m\ s
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.n can indeed not be greater than p (see paragraph 1.3.2.2., page VII
_[of foreign text]), and the hypergeometric series is reduced to a polynomial

of degree p in z.

1.4.3. If @g=-p and B=-y, p<y (p and q are positive integers)
‘ "' Z\ . ‘}\\’v ,
| F(-h—ﬂ’ﬁik\)? r. 9" T(G) lmu.%_\\y Qﬂ‘“}\f(@w&’. (11,8)
and if, in addition, y=r+l (r is an integer greatgr than zero) ZFX
. ‘ A' ) .
e =g AH o = W ala) 24 PN
ﬁ:‘( V‘) ﬁl’. )g Y\‘o\m e o Qn-v\)‘. h*\\)’.@.&-\\)‘.n\. (11,9)

2. The Hypergeometric Gauss Function

2.1. Definition (see reference 4, page 2)

2.1.1. The analytical extension of the hypergeometric series
F(w,B,v,2) to the outside of its circle of convergence! zl =1, defines a

.new function likewise designated by the notation F(w,B,v,z).

2.1.2. Since point z=l is the only critical point with finite

distance of this function, the latter can be made uniform in the whole plane

of variable z on condition of suppressing in the latter the part of the

real axis going from +1 to +o,.

2.2. Representation of the Hypergeometric Function by a Clearly Defined

Integral (see reference 2, section 15, page 36) '

When the real parts of B and y-§ are positive, the function F(g,B,Y,2z)

can be represented by an integral of Jacobi:

o A o
E’(d\ N %;- f(“{{)» m(;-\ﬁ_@'l“{‘b“__
oL INLICINE R v
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ol

(11,10)

.
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The integral of the righthand side is indeterminate.

If the critical point u=z "t is located on the integration path (0,1), /X

z can therefore take no real value greater than 1.

If this condition is fulfilled (cutoff (+1,+») in the plane of the -
variable z), the integral is uniform (see, for example, reference 3, Volume 1,

Chapter II, paragraph 1, page 155)

The integral and function F(a,B,Yy,z) are therefore defined and uniform

in the same domain (see paragraph 2.1.2, page IX [of foreign textl).

2.2.1. If z<1

Since O<u<l: | uz| <1, ana:
| Q-u\é{i z: (eiM) mu-b»-i) (\u,p% 2 N Q*é

(this formula shows, in passing, that: O- g\)—(x F (_ )F) é)

Still on the hypothesis that ] \<1-

e
g e 2 S
o .g k~ L)%)‘A )

(1,15) of Annex I becomes

et 1oy T B J5p)= I’(MM(‘G M
[t P

Therefore: /XI

B S )51(&,)9 A1)
L ( ’Q o f(‘d’) " beo (S (L, X/P

(W\)Y (R " p,%00)
Ek"ﬁ) .81,




Formula (II,10) is thus confirmed in the case in which lzl<l, i.e.,

.when the hypergeometric function is reduced to the hypergeometric series.

2.2.2. If z=1

(11,10), page IX [of foreign text] becomes:

A -a
) / ey
T(p) T(‘S -

e (ps-a- )
IR T St

'13

= 7(%) v(A) ¥ “G;cz-/h)
TN T Ca)

£( o pa@.rwﬂxwwm*
R e T

This formula allows calculation of the value of the hypergeometric

L]
series when z assumes the critical value 1.

2.3. Transformation of the Hypergeometric Function

The integral:

et

’“‘g) [ e G- O
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does not change form when one of the following three changes of variable

are carried out on-it:

f;kkﬂz Y U ULé{; v ' | (PR "__U~
- A=~ (1) L - -

These changes of variable give the three Euler transform formulas:

Flap e Flets ) [

(- k} (.‘@»QL(XT__E_)

' (II,13)

_ Q—&B- -'{\ = (\de)w‘/&)’x) l) (11,14)

2.3.1. The hypergeometric functions which appear in the right-
hand side of the first two transform formulas are hypergeometric series
of variable Z=z(z-1)-1. They can therefore be developed as absolutely
convergent series of this variable Z, on the condition that z be located

|l <
AnGSTE T

This inequality becomes, when o and Py designate the moduli of z and z

in domain D; defined by:

pO < pl'

Domain D1 is therefore the half-plane located at the left of the straight

R

line:

(R(z)=real part of z)

A
L

/XIII
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2.3.2. The transform (II,14) has the advantage of allowing

gomparison of one hypergeometric series for which Rix-a-ﬁ) is negative

with the case of another series for which R(y-o-B) is positive.

" This characteristic will be useful for study of a hypergeometric
series on its circle of convergence (sSee section 1.2, page V [of foreign

text]).

2.4. Contiguous Hypergeometric Functions (see reference 4, page 3)

2.4.1. The hypergeometric functions F(o,B,Y,2z) and F(g',B',vy',z")

are called "contiguous' when one of the three differences o'-q, v'=vy, or

B'~8 is equal to *l1, the two others being zero.
F(o,B,Y,z) has, therefore, six contiguous functions.

F(w,B,Y,2) and two of its contiguous functions are connected by a

linear relation. These relations are therefore in the number of :
.« b.S= 1
G =
AL

2.4.2, Example of relation between F(g,B,y,z) and two of its

contiguous functions.

L]
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ANNEX III

Modified Bessel Functions

1. The Bessel Equation

The second order linear differential equation:

tﬁL il v-tTE;- (?JLZ-tﬁ)Zg:; o

Z_xv

(I11,1)

where t is a real or complex variable and'yJ;is a real number, is called

the Bessel equation with index :y/'.

l.2. If\Sj is not an integer, the general solution to this equation is:

d_y LH

'é: E:') 4 C»

(11I,2)

c, and c2 are constants; J ﬂt) and J_: (t) are first class Bessel functions

with subscript J and -\J.

=)

. ’ &
JVM z: _&\( Eg,m.;.;)

(t

) .

1%

+2f

o
1.3. If’V is an integer: _v);n.
‘In this case:
I, uh*m-ﬂ): @-&-Y\.).l- (see Annex I)
and: A

[6)-~ 2 ot

20 fo! @QH\)%

»

(_:

)

shne

(111,3)

_/_XVI .

(I11,4)
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<3
ey

Likewise: ‘ i -h . ‘—-2 E‘)?Q' (b)l&i_w
1 '&:0_&}0 @Q “)! -
A

Qﬁ?'“;f is zero for k<n (see section 1.2.1, page II [of foreign text]).
SR
<

. M > \5 (t

And, replacing k ‘with k+n:

(=B

~ ERNCPIN TV o
T (). 2 O & ther

daso @Qm)‘ 9

Thepefore:

Tl Y T (8 | =2

J_n(t) and Jn(t) are equal practically to the sign, therefore proportional. /XVII

It is then necessary to seek another special solution of the equation in

order fo make clear its general solution.

The function

VAL RPN To (V) e aT - Talt)

o —b T\ . —
N Mk

confirms this equation, and

ESENCHRAND

is thé general solution sdught”éfter.

(111,6)

86




oo | (111,7)
: . i
DA LI PRI AR (A
+\T o “h\@'\’f@)‘ﬂ \i [ )“\%J(KQ'RZ(E)
Y is the Euler-Masgheronilcppstant.
' b.—\:l@ Ex#—%-b-f---b.-%_'g\u k\.]: OJS}‘-“-Q&)
and -
‘\p‘l &-} ~==' 4{%-@.....?%
| | (by convention, y(p)=0)
l.k. If t is a real number: /XVIIL

1.k.1. t>0
Jv(t) is real regardless of v (integer or not).

Yn(t) is real regardless of value of integral n.

1.4.2. <0

Jv(t) ig only real whep v is an integer. In this case:
A_d%«(%)é - J%h.(vtr)i

Yn(t) is complex no matter value of integral n.
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2., The Modified Bessel Equation

This equation is derived from the conventional Bessel equation by a

mere change of sign:

\ t}g\ i_t%ﬁ - Qg‘}'. t‘-) »g: S (1I1,8)

The study will be limited to the case in which v is an integer (v=n).

The general solution of this equation is then written:

Y T

%—:. .C, L (E) + o, K\_,\ Le) (111,9)

EnIt) and Kn(t) are first and second class Bessel functions of order n.

(III,11)

/XIX

(see the significance of y and § in section i.3, page XVII [of foreign text]).
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2.1. Relation between J (t) and I (t)

S\‘ -u}%- .«L v f‘;lea.l& ki
T @ o ()T 2 0 ey

G\)%Léez; (—;}E‘@‘)& = (—\)&-&h)%e (:‘)?k‘: A

Therefore:

I t\\m tt ) N I\\(L)l (111,12)

B R e

2.2, If t is a real inheger

2.2.1. t>0

In(t) and Kn(t) are real regardless of value of integral n.

2.2.2. t<0

In(t) is real regardless of integral n, and

1% \&)= I?ff' L't)
I%‘_H )=~ L Yol (—- H.

Kn(t) is complex regardless of value of integral n.

2.3. Function K (t) is infinite for t=0.

—

This singularity is due to the presence of logarithmic (for n=0) or

negative powers of t (for n>0).

The solutions of (III,8), finite in the case of t=0, are hence in the

form:

(111,13)

¢ is a constant.
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3.

Properties of Modified Bessel Functions

90

3.1. Recursion Formulas

3.1.1. I (%)
g S

X_'\\ (&)= T_, (&)
S Ih(:i:)_':: 6 {I“&-u(ﬂ:‘t\:\m “")]

&-—‘i_' ANY Ur) = '-i E'I\\.\(L-) "":h« L,H.l |

U G(8): & | K 10~ (6]
o %<¥\l%b .?3-— %i“l b<:mq [kﬁ K (ES}

ot
c&‘ Z -
ENW0 W< (&)

3 ol g Lo (il

3.2, Formulas of addition in the special case in which:

o - 2wl

(III,14)

(I11,15)

(111,16)

(111,17)

(111,18)

(I11,19)

(111,20)

(111,21)

(111,22)

(111,23)

AXXI




In this case, the functions In(t) and Kn(t) are developed according to

the following formulas:

|

M):\,. (6) Fon o & (III,24)

\\\-\-\\o

Z (ﬁ)ﬁm —

%) %\\\o '\\\BJ =
| R s ‘ Lo B
' \  s _ ) , N )
W lb) E:f\i WA = Z& K\mw(m) Lm(e) An WS HhE
. s
R g bind
) R
Cd \}J '::., 0, ~ e g 4
k:. (see reference 5, page 361)
More particularly:
3.2.1. _*‘_O:’LQ
Kc(t) = W (‘L}lm(e) e @
where: ' wWm e |
K;UT) = '\2:@ QNK\M (m} AR QQ) o & 1 (11I,26)
S

i(111,27)

/XXII

/XXIII |
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3-2.-30 Leptal]

=€ \&:«Q K"{E‘) = 2 K (m) 3:N (Q) Jinrad

.. WMr-en
D
E Qa
fin 4 K & [w - m)y_ )< |
-@——-— ) ‘\m-a \N\M('b) m: } \-\'mQF.
and, taking into account the formula (I11,20), page XXI [of foreign text]:
cﬁ .
.Q_X’_\:_.__ W( ) __si. ™ Km (m)im[f) Anw g | (111,28)
' _ "L wms=o .

3.3. Basset Formula

This formula is written (see reference 5, page 172):

Kx\ kjﬁ‘)" ':__(_;;llghl/ (éfl%::\ D\Jw.] (111,29)

This expression is valid for positive values of n, g, and t. Z?XIV

LCOE (t) Y [wuﬁ.%-:eh&
v P(1) & Jo Wl

When m=1.

(see Annex I)

k(o= £ | s dn
(‘7&/5‘) % !Q L:&"tb\l”‘f

(I11,30)
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3.4, Nielsen Formula (see reference 5, page 148)

| 3} (wx) Jy (%%) :]

_ | (111,31)'
4 ( ) (A b 2 ‘) V( Y ™ "
- H 0/
f(\)«-t] Y A) "2 o(’ ,“;\’ }E( : T%H)&)(b Q
3.5. Lipschitz-Hankel Forﬁula. (see reference 5 page 388) ZXXV

e (@f) );) [ bLMK’ (k) t}fquC_'.

LE‘?T(}L-\!)SE(}W\OQ(@\.QL .’EEE\} g (t&.e{) (III,32) .

This formula is only valid if: { QQ (,)"> > Qi\f)
1 R (ehel) -1

is a generalized Legendre function (see reference 6, paragraph

15-6, page 325).

| E;(E}: ',(4%) i_;; ,1 ( Q\lc\«—\ |- ::Lz%) \ —_—

‘3

) _ I\ W
RICRRSER <yr€i§~f ﬂ‘
- ! L (III,34)
‘Q&&B \wa /'mf@a]r«‘% P('z‘\’)%*"') Lip, I )
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L, Asymptotic Values of I (t) and K (t) (see reference 5, page 202) /XXVI

When t is very large, the values of In(t) and Kh(t) are represented

It
S PO Sy R .
.._"'l N\ -] - ,—{\\ S 4.
UTE. [’ i R - gl QSE—) L &., @3)3!1 &l ]
Ky L) =

eit:{,ﬁ RN (gt | (RS +(m 510N L)U-m i ]
S () U @L:)

These formulas can be rewritten:

B

e = |
1\\ ‘,b) - L 7 &\')V“' ¥ (,M o %Z) J 4 It 55)
PATN o \’“—‘20 5 ('\’\ ~\{\+%¢ }\\ (%)y
M\L_) .| T é:E: | v (ry\@/‘r 4,%:) A (111,36).
" o Mo T(w-pt) W I~
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Plate 1

Neg
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Ové/y\@ =&

: »:Ob, = 6

.ED‘]EE': ’1LI>

' e
Ak

In this figure:

J>o
0<o
EXV\R'=.r\_
M= Wy =
N\
0‘}))(7?%, = 0
g ‘.'\Ln.-')(..
= aln g




